
1 Focusing

(Γ ⊢ 𝐴⇾ 𝐵) ≻ {(Γ, 𝐴 ⊢ 𝐵)}
(Γ, 𝐴 ⊗ 𝐵,Γ′ ⊢ Δ) ≻ {(Γ, 𝐴, 𝐵,Γ′ ⊢ Δ)}

(Γ, 𝟏,Γ′ ⊢ Δ) ≻ {(Γ,Γ′ ⊢ Δ)}
(Γ ⊢ 𝐴& 𝐵) ≻ {(Γ ⊢ 𝐴), (Γ ⊢ 𝐵)}

(Γ, 𝐴 ⊕ 𝐵,Γ′ ⊢ Δ) ≻ {(Γ, 𝐴,Γ′ ⊢ Δ), (Γ, 𝐵,Γ′ ⊢ Δ)}
(Γ ⊢ ⊤) ≻ ∅

(Γ, 𝟎,Γ′ ⊢ Δ) ≻ ∅

M ⊎ {Φ} ≻m M ⊎N whenever Φ ≻ N
—

Figure 1: Inversion relation between multisets of sequents

𝑐∶(Γ, 𝑧∶𝐴⊗ 𝐵,Γ′ ⊢ Δ) ≻ {⟨𝑥⊗𝑦 ‖ 𝜇̄𝑧.𝑐⟩∶(Γ, 𝑥∶𝐴, 𝑦∶𝐵,Γ′ ⊢ Δ)}
𝑐∶(Γ, 𝑧∶𝐴⊕ 𝐵,Γ′ ⊢ Δ) ≻ {⟨𝜄1(𝑥) ‖ 𝜇̄𝑧.𝑐⟩∶(Γ, 𝑥∶𝐴,Γ′ ⊢ Δ), ⟨𝜄2(𝑦) ‖ 𝜇̄𝑧.𝑐⟩∶(Γ, 𝑦∶𝐵,Γ′ ⊢ Δ)}

𝑐∶(Γ, 𝑥∶𝟏,Γ′ ⊢ Δ) ≻ {⟨() ‖ 𝜇̄𝑥.𝑐⟩∶(Γ,Γ′ ⊢ Δ)}
𝑐∶(Γ ⊢ 𝛽∶𝐴⇾ 𝐵) ≻ {⟨𝜇𝛽.𝑐 ‖ 𝑥⋅𝛼⟩∶(Γ, 𝑥∶𝐴 ⊢ 𝛼∶𝐵)}
𝑐∶(Γ ⊢ 𝛾∶𝐴& 𝐵) ≻ {⟨𝜇𝛾.𝑐 ‖𝜋1⋅𝛼⟩∶(Γ ⊢ 𝛼∶𝐴), ⟨𝜇𝛾.𝑐 ‖𝜋2⋅𝛽⟩∶(Γ ⊢ 𝛽∶𝐵)}
𝑐∶(Γ, 𝑥∶𝟎,Γ′ ⊢ Δ) ≻ ∅

𝑐∶(Γ ⊢ 𝛼∶⊤) ≻ ∅
—

Figure 2: Inversion step of a command
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𝑐∶(Γ, 𝑥∶𝐴, 𝑦∶𝐵,Γ′ ⊢ Δ)——
⟨𝑧 ‖ 𝜇̄(𝑥⊗𝑦).𝑐⟩∶(Γ, 𝑧∶𝐴⊗ 𝐵,Γ′ ⊢ Δ)

𝑐∶(Γ, 𝑥∶𝐴 ⊢ 𝛼∶𝐵)——
⟨𝜇(𝑥⋅𝛼).𝑐 ‖ 𝛽⟩∶(Γ ⊢ 𝛽∶𝐴⇾ 𝐵)

𝑐∶(Γ, 𝑥∶𝐴,Γ′ ⊢ Δ) 𝑐′∶(Γ, 𝑦∶𝐵,Γ′ ⊢ Δ)——
⟨𝑧 ‖ 𝜇̄[𝑥.𝑐|𝑦.𝑐′]⟩∶(Γ, 𝑧∶𝐴⊕ 𝐵,Γ′ ⊢ Δ)

𝑐∶(Γ ⊢ 𝛼∶𝐴) 𝑐′∶(Γ ⊢ 𝛽∶𝐵)——
⟨𝜇<𝛼.𝑐 ; 𝛽.𝑐′> ‖ 𝛾⟩∶(Γ ⊢ 𝛾∶𝐴& 𝐵)

𝑐∶(Γ,Γ′ ⊢ Δ)——
⟨𝑥 ‖ 𝜇̄().𝑐⟩∶(Γ, 𝑥∶𝟏,Γ′ ⊢ Δ)

——
⟨𝑥 ‖ 𝜇̄[]Γ,Γ′,Δ⟩∶(Γ, 𝑥∶𝟎,Γ′ ⊢ Δ)

——
⟨𝜇<>Γ ‖ 𝛼⟩∶(Γ ⊢ 𝛼∶⊤)

—
Figure 3: Inversion phase

𝑐∶(Γ ⊢ 𝛼∶𝑁)——
Γ ⊢ 𝜇𝛼⊝.𝑐∶𝑁 ∣

𝑐∶(Γ, 𝑥∶𝑃 ,Γ′ ⊢ Δ)——
Γ,Γ′ ∣ 𝜇̄𝑥+.𝑐∶𝑃 ⊢ Δ

——
Γ, 𝑥∶𝑋+,Γ′ ⊢ 𝑥∶𝑋+ ∣

——
Γ ∣ 𝛼∶𝑋⊝ ⊢ 𝛼∶𝑋⊝

Γ ⊢ 𝑉 ∶𝐴 ∣ Γ ⊢ 𝑊 ∶𝐵 ∣——Γ ⊢ 𝑉 ⊗𝑊 ∶𝐴⊗ 𝐵 ∣
Γ ⊢ 𝑉 ∶𝐴 ∣ Γ ∣ 𝑆∶𝐵 ⊢ Δ——Γ ∣ 𝑉 ⋅𝑆∶𝐴⇾ 𝐵 ⊢ Δ

——Γ ⊢ ()∶𝟏 ∣
Γ ⊢ 𝑉 ∶𝐴𝑖 ∣——Γ ⊢ 𝜄𝑖(𝑉 )∶𝐴1 ⊕𝐴2 ∣

Γ ∣ 𝑆∶𝐴𝑖 ⊢ Δ——Γ ∣ 𝜋𝑖⋅𝑆∶𝐴1 & 𝐴2 ⊢ Δ

Γ ⊢ 𝑉 ∶𝑃 ∣——
⟨𝑉 ‖ 𝛼⟩+∶(Γ ⊢ 𝛼 ∶ 𝑃 )

Γ, 𝑥 ∶ 𝑁 ∣ 𝑆∶𝑁 ⊢ Δ——
⟨𝑥 ‖𝑆⟩⊝∶(Γ, 𝑥 ∶ 𝑁 ⊢ Δ)

—
Figure 4: Focusing phase in LJ𝜂𝑝
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2 LL

Formulae: 𝐴,𝐵,𝐴𝜀 ∶∶= 𝑃 |

|

𝑁
Positives: 𝑃 ,𝑄,𝐴+ ∶∶= 𝑋 |

|

𝟏 |

|

𝐴⊗ 𝐵 |

|

𝐴⊕ 𝐵 |

|

𝟎
Negatives: 𝑁,𝑀,𝐴− ∶∶= 𝑋 |

|

⊥ |

|

𝐴

&

𝐵 |

|

𝐴& 𝐵 |

|

⊤
(a) Formulae

𝐴⊗ 𝐵 def= 𝐴

&

𝐵 𝟏 def= ⊥ 𝐴⊕ 𝐵 def= 𝐴& 𝐵 𝟎 def= ⊤ (𝑋) def= 𝑋

𝐴

&

𝐵 def= 𝐴⊗ 𝐵 ⊥ def= 𝟏 𝐴& 𝐵 def= 𝐴⊕ 𝐵 ⊤ def= 𝟎 𝑋 def= 𝑋
(b) Dual of a formula

—
Figure 5: MALL formulae and duality

𝟏∕⊥ ⊗∕

&

⊕∕& (𝑖∈{1,2}) 𝟎∕⊤

(Co)Values: 𝑉 ,𝑊 ∶∶= 𝑥, 𝑦,… |

|

𝜇𝑥⊝.𝑐 |

|

() |

|

𝑉 ⊗𝑊 |

|

𝜄𝑖(𝑉 ) |

|

𝜇[𝑉 ]
|

|

𝜇().𝑐 |

|

𝜇(𝑥 &𝑦).𝑐 |

|

𝜇[𝑥.𝑐|𝑦.𝑐′]
(Co)Expressions: 𝑡, 𝑢 ∶∶= 𝑉 |

|

𝜇𝑥+.𝑐

Commands: 𝑐 ∶∶= ⟨𝑡 ‖𝑉 ⟩ (
not.
= ⟨𝑉 ‖ 𝑡⟩)

(a) Terms

(𝑅𝜇𝜀) ∶ ⟨𝜇𝑥+.𝑐 ‖𝑉 ⟩ ⊳𝑅 𝑐[𝑉 ∕𝑥]
(𝑅𝜇𝜀) ∶ ⟨𝑉 ‖𝜇𝑥⊝.𝑐⟩ ⊳𝑅 𝑐[𝑉 ∕𝑥]

(𝑅1∕⊥) ∶ ⟨() ‖𝜇().𝑐⟩ ⊳𝑅 𝑐
(𝑅⊗∕

&

) ∶ ⟨𝑉 ⊗𝑊 ‖𝜇(𝑥 &𝑦).𝑐⟩ ⊳𝑅 𝑐[𝑉 ∕𝑥,𝑊 ∕𝑦]
(𝑅⊕∕&) ∶ ⟨𝜄𝑖(𝑉 ) ‖𝜇[𝑥1.𝑐1|𝑥2.𝑐2]⟩ ⊳R 𝑐𝑖[𝑉 ∕𝑥𝑖]

(no rule 𝑅𝟎∕⊤)
(b) Reduction rules

(𝐸𝜇+) ∶ 𝜇𝑥+.⟨𝑡 ‖ 𝑥⟩ ⊳𝐸 𝑡
(𝐸𝜇⊝) ∶ 𝜇𝑥⊝.⟨𝑥 ‖𝑉 ⟩ ⊳𝐸 𝑉
(𝐸1∕⊥) ∶ 𝜇().⟨() ‖𝑉 ⟩ ⊳𝐸 𝑉
(𝐸⊗∕

&

) ∶ 𝜇(𝑥 &𝑦).⟨𝑥⊗𝑦 ‖𝑉 ⟩ ⊳𝐸 𝑉
(𝐸⊕∕&) ∶ 𝜇

[

𝑥.⟨𝜄1(𝑥) ‖𝑉 ⟩

|

|

|

𝑦.⟨𝜄2(𝑦) ‖𝑉 ⟩

]

⊳E 𝑉
(𝐸𝟎∕⊤)� ∶ 𝜇[𝑥1⊗ ⋯ ⊗𝑥𝑛] ⊳E 𝑉

(c) Extensionality rules (�: the 𝜂 rule for 𝟎∕⊤ is meaningless without a valid typing judgement)
—

Figure 6: MALL𝜂
𝑝: calculus
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• 𝚪,𝚫… are maps from a finite set of variables to types provided with
total orders on their domain, notation (𝑥1∶𝐴1,… , 𝑥𝑛∶𝐴𝑛).

• Concatenation (Γ,Δ) is defined when the domains of Γ and Δ are
disjoint.

• 𝚺∗(𝚪; 𝚪′) is the set of bijections 𝜎 ∶ domΓ → domΓ′ satisfying
Γ′(𝜎(𝑥)) = Γ(𝑥) for all 𝑥 ∈ domΓ.

• Judgements are: 𝑐 ∶ (⊢ Γ) ⊢ 𝑡 ∶ 𝐴 | Γ
(a) Judgements

— (ax)
⊢ 𝑥∶𝐴 ∣ 𝑥∶𝐴

𝑐∶(⊢ 𝑥∶𝐴𝜀 ,Γ)— (𝜇𝜀)
⊢ 𝜇𝑥𝜀.𝑐∶𝐴𝜀 ∣ Γ

⊢ 𝑡∶𝐴 ∣ Γ ⊢ 𝑢∶𝐴 ∣ Δ— (cut)
⟨𝑡 ‖ 𝑢⟩∶( ⊢ Γ,Δ)

(b) Identity

⊢ 𝑡∶𝐴 ∣ Γ— (⊢ 𝜎)
⊢ 𝑡[𝜎]∶𝐴 ∣ Γ′

𝑐∶(⊢ Γ)— (𝜎)
𝑐[𝜎]∶(⊢ Γ′)

(c) Structure — 𝜎 ∈ Σ∗(Γ; Γ′)

⊢ 𝑉 ∶𝐴 ∣ Γ ⊢ 𝑊 ∶𝐵 ∣ Δ— (⊗𝑓 )⊢ 𝑉 ⊗𝑊 ∶𝐴⊗ 𝐵 ∣ Γ,Δ
— (𝟏)
⊢ ()∶𝟏 ∣

𝑐∶(⊢ 𝑥∶𝐴, 𝑦∶𝐵,Γ)— ( &)
⊢ 𝜇(𝑥 &𝑦).𝑐∶𝐴

&

𝐵 ∣ Γ
𝑐∶(⊢ Γ)— (⊥)

Γ ⊢ 𝜇().𝑐∶⊥ ∣ Δ

𝑐∶( ⊢ 𝑥∶𝐴,Γ) 𝑐′∶( ⊢ 𝑦∶𝐵,Γ)— (&)
⊢ 𝜇[𝑥.𝑐|𝑦.𝑐′]∶𝐴& 𝐵 ∣ Γ

Γ ⊢ 𝑉 ∶𝐴 ∣— (⊤𝑓 )Γ ⊢ 𝜇[𝑉 ]∶⊤ ∣

⊢ 𝑉 ∶𝐴𝑖 ∣ Γ— (⊕𝑓
𝑖 )⊢ 𝜄𝑖(𝑉 )∶𝐴1 ⊕𝐴2 ∣ Γ

(no rule for 𝟎)
(d) Logic

—
Figure 7: MALL𝜂

𝑝: simple types

⊢ 𝑡∶𝐴 ∣ Γ ⊢ 𝑢∶𝐵 ∣ Δ—— (⊢ ⊗)
⊢ 𝑡⊗𝑢∶𝐴⊗ 𝐵 ∣ Γ,Δ

𝑡𝜀⊗𝑢𝜀′
def= 𝜇𝑥+.

⟨

𝑡
‖

‖

‖

‖

𝜇𝑦𝜀̄.
⟨

𝑢 ‖‖
‖

𝜇𝑧𝜀′ .⟨𝑦⊗𝑧 ‖ 𝑥⟩
⟩

⟩

Γ ⊢ 𝑡∶(𝐴𝑖)𝜀 ∣—— (⊢ ⊕𝑖)Γ ⊢ 𝜄𝑖(𝑡)∶𝐴1 ⊕𝐴2 ∣
𝜄𝑖(𝑡𝜀)

def= 𝜇𝑥+.
⟨

𝑡 ‖‖
‖

𝜇𝑦𝜀̄.⟨𝜄𝑖(𝑦) ‖ 𝑥⟩
⟩

—— (⊢ ⊤)
Γ ⊢ 𝜇[]Γ∶⊤ ∣ 𝜇[]Γ

def= 𝜇[𝑥1⊗ ⋯ ⊗𝑥𝑛] pour {𝑥1,… , 𝑥𝑛} = domΓ

—
Figure 8: Remaining rules of MALL (without value restriction)
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Positives: 𝑃 ,𝑄,𝐴+ ∶∶= … |

|

!𝐴
Negatives: 𝑁,𝑀,𝐴− ∶∶= … |

|

?𝐴
(a) Formulae

!𝐴 def= ?𝐴 ?𝐴 def= !𝐴
(b) Dual of a formula

(Co)Values: 𝑉 ,𝑊 ∶∶= … |

|

?𝑉 |

|

𝜇!𝑥.𝑐
(c) Terms

(𝑅!∕?) ∶ ⟨𝜇!𝑥.𝑐 ‖ ?𝑉 ⟩ ⊳𝑅 𝑐[𝑉 ∕𝑥]
(d) Reduction rules

(𝐸!∕?) ∶ 𝜇!𝑥.⟨𝑉 ‖ ?𝑥⟩ ⊳𝐸 𝑉
(e) Extensionality rules

⊢ 𝑡∶𝐴 ∣ Γ— (⊢ 𝜎)
⊢ 𝑡[𝜎]∶𝐴 ∣ Γ′

𝑐∶(⊢ Γ)— (𝜎)
𝑐[𝜎]∶(⊢ Γ′)

(f) Structure for 𝜎 ∈ Σ!(Γ; Γ′): the subset of Σ(Γ; Γ′) of maps which are bijec-
tive on variables not of the form !𝐴.

𝑐∶(⊢ 𝑥∶𝐴, ?Γ)— (prom.)
⊢ 𝜇!𝑥.𝑐∶!𝐴 ∣?Γ

⊢ 𝑉 ∶𝐴 ∣ Γ— (der.𝑓 )⊢ ?𝑉 ∶?𝐴 ∣ Γ
(g) Logic — where !(𝑥1 ∶𝐴1,… , 𝑥𝑛 ∶𝐴𝑛) stands for the typing

context (𝑥1∶!𝐴1,… , 𝑥𝑛∶!𝐴𝑛).

⊢ 𝑡∶𝐴 ∣ Γ—— (der.)
⊢?𝑡∶?𝐴 ∣ Γ

?𝑡𝜀
def= 𝜇𝑥⊝.

⟨

𝜇𝑦𝜀̄.⟨𝑥 ‖ ?𝑦⟩ ‖‖
‖

𝑡
⟩

(h) Remaining rule of LL (without value restriction)
—

Figure 9: LL𝜂
𝑝 = MALL𝜂

𝑝 + the above
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