1 Focusing

T A— B)> {(T,A}+ B)}
T,A® B,T' - A) > {(T, A, B,T' - A))}
(T,1,T F A) > {((T,T F A)}
T+ A& B)> {TF A),T F B)}
T,A®B,T' - A) > {T,AT' - A),([,B,T F A)}
TC+T)>@
(T,0,T - A) > ¢

My {D} > Muw N whenever ® > N

Figure 1: Inversion relation between multisets of sequents

c:(C,z:AQ B.,T' F A) > {(xey| jizc):T,x: A, y: B, I A)}
(T z: A® BT F A) > {(1,(x) || izee): (T, x: AT A), (i) || fiz.c) :(C,y: B, F A)}
c:(Cx: LT FA) > (O] ixe): (O,T F A))
c:THP:A— B)> {{(ufcl|xa):T,x:AF a:B)}
c:Tky:A&B) > {{uycllm-a)y:TCHa:A),(uy.cllz:p): T+ p:B)}
c:Cx:0,T" A >0
c:Thra:T)>0

Figure 2: Inversion step of a command



c:(I,x:A,y:B,I"F A) c:T,x:AF+a:B)

(z|| @g(x®y).c):T,z: A® B,T" I A) (ux-a)c||p):THpP:A— B)
c:O,x:AT'FA) :T,y:BT"FA) c:Ckra:A) :T+pP:B)
(z|l jilx.cly.c']):(T,z:A® B,T' - A) (u<a.c;pc’>|y):CHy:A& B)
c:(I,T' = A)

(x|| GO.c): (T, x:1,T" = A)

(x|l allppra): (@, x:0,T" F A) (u<>rlla)y:CkFa:T)

Figure 3: Inversion phase

c:CrFa:N) c:(T,x:P,T" F A)
' uaCc: N | LIV | jixte:PHA
Oox: X5 Fx: X a:X°Fa:X©
F'FV:A| THW:B| I'FV:A| T|S:BrFA
TFVeW :AQ® B | F[V-S:A-BF A
. THV:A | [|S:A A
PO TR LV):A4,@04,] TlnSA&AFA
TFV:P| ILx:N|S:NFA
Vi)Y :Cra: P) (x| S)®:(,x : N+ A)

Figure 4: Focusing phase in LJ}



2 LL

Formulae: A, B, A, = P|N
Positives:  P,Q, A, = X|1|A®B|A€BB|0
Negatives: N, M,A_ = Y|l|A7S’B|A&B|T
(a) Formulae
AQBEA®B 1€ ADBEALB 0ET X EX
IFBYAeB  I1¥1  A&BEied  THo  Xx
(b) Dual of a formula
Figure 5: MALL formulae and duality
1/1 ®/% ®/&(i€{1,2}) 0/T
(Co)Values: V.W = xy... | ux®ec | 0 | VeW | (V) | ulv]
| uO.c | uGxmy)c | ulx.cly.c']
(Co)Expressions: tu = V | wuxte
Commands: c = (t|V) (ng' V|1
(a) Terms
(Ru®) : (uxte || V) >R c[V /x]
(Ru®) : (V|| ux®.c) >R c[V /x]
(R1/1): (Ol #O-c) >r ¢
(R®/7%) : (VoW || u(x=2y).c) >r cV/x,W/y]
(RO/&) : (;(V) | ulxycqlxz.001)  Br alV/x]
(no rule RO/T)
(b) Reduction rules
(Eu™) : ux At || x) >p
(Eu®) : uxCx || V) >g ¥V
(E1/1): OO V) >E 4
(EQ/%) : u(x3y)(xey [l V) >V
(E®/&) : pu[x(u) M|yl VY] >V
(E0/T)* : Hlx;® - ®x,] >E 4

(c) Extensionality rules (4: the # rule for 0/T is meaningless without a valid typing judgement)

Figure 6: MALL: calculus



I', A ... are maps from a finite set of variables to types provided with
total orders on their domain, notation (x; : Ay, ..., x,: A,).

Concatenation (I', A) is defined when the domains of I" and A are
disjoint.

X*(;T7) is the set of bijections ¢ : domI’ — domI” satisfying
I"(6(x)) = I'(x) for all x € domT.

Judgements are: c:(FD) Ft:A|T

(a) Judgements

(@x) c:(Fx:A,..D) Ft:A|T
. a1 T (1) ————— (o
Fx:A|x:A Fuxtec:A, | T Fitlo]:A|T
Ft:A|T Fu:A|A c:(FD)
(cut) _7,(0)
(tllu)y:(FT,A) cle]:(FT17)
(b) Identity (¢) Structure — ¢ € T*(I";T7)
FV:AID FW:B|A o
FVeW:AQB|L,A & FO:1]
c:(Fx:A,y:B]JI) . c:(FD) W
Fulx®y).c:A®B|T ' uQec: LA
c:(Fx:AD) c:(Fy:BD) ® rcv:.A| T
F ulx.clyc:A&B|T ' ulV]:T]
FV:A T ,
& (no rule for 0)
FL(V): A, @A, | T &
(d) Logic

Figure 7: MALL]: simple types

Ft:A|IT Fu:B|A def + - 5
- ®) t.®u, = x.<tH Aul|uzf (yez| x >
Fen A® BT A £ ®U, p uy (u || uzt (yoz | x))
TH1:(A) u ]
D I XA [T X CTED

TH():A @A, |

D pllp:T| - ulle = plx;® - ®x,] pour {x,...,x,} =domI

Figure 8: Remaining rules of MALL (without value restriction)



Positives:  P,Q,A, = .. |!A — df — — e —
1A=74 72A='A
Negatives: N,M,A_ 1= ... |?4

(b) Dual of a formula
(a) Formulae
(Co)Values: V. W == ... | 2V | ulxc
(c) Terms
(RN (ulxc||?V) pgi clV/x] (EV/D: ulx(V|?2x) >p V
(d) Reduction rules (e) Extensionality rules
Ft:A|T c:(FD)
a9 1= @
Ftlo]:A|T cle]:(=17)

(f) Structure for ¢ € T'(I';T”): the subset of Z(I"; I) of maps which are bijec-
tive on variables not of the form !A.

c:(Fx:A,M) (brom) FV.A|T dert)
Fulxc AP 7™ TFaw AT "

(g) Logic — where !(x, : A}, ..., x, : A,) stands for the typing
context (x; :1A4,,...,x,:14,).

Ft:A|T
F2:?2A | T

(h) Remaining rule of LL (without value restriction)

@y U, = px{pyF x| ) 1)

Figure 9: LL] = MALL; + the above
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