
1 MALL (reminder) and LK

Formulae: 𝐴,𝐵,𝐴𝜀 ⩴ 𝑃 |

|

𝑁
Positives: 𝑃 ,𝑄,𝐴+ ⩴ 𝑋 |

|

𝟏 |

|

𝟎 |

|

𝐴⊗ 𝐵 |

|

𝐴⊕ 𝐵
Negatives: 𝑁,𝑀,𝐴− ⩴ 𝑋 |

|

⊥ |

|

⊤ |

|

𝐴

&

𝐵 |

|

𝐴& 𝐵
(a) Formulae

𝐴⊗ 𝐵 def= 𝐴

&

𝐵 𝟏 def= ⊥ 𝐴⊕ 𝐵 def= 𝐴& 𝐵 𝟎 def= ⊤ (𝑋) def= 𝑋

𝐴

&

𝐵 def= 𝐴⊗ 𝐵 ⊥ def= 𝟏 𝐴& 𝐵 def= 𝐴⊕ 𝐵 ⊤ def= 𝟎 𝑋 def= 𝑋
(b) Dual of a formula

—
Figure 1: MALL∕LK𝜂

𝑝 formulae and duality

𝟏∕⊥ ⊗∕

&

⊕∕& (𝑖∈{1,2}) 𝟎∕⊤

(Co)Values: 𝑉 ,𝑊 ⩴ 𝑥, 𝑦,… |

|

𝜇𝑥⊝.𝑐 |

|

() |

|

𝑉 ⊗𝑊 |

|

𝜄𝑖(𝑉 ) |

|

𝜇[𝑉 ]
|

|

𝜇().𝑐 |

|

𝜇(𝑥 &𝑦).𝑐 |

|

𝜇[𝑥.𝑐|𝑦.𝑐′]
(Co)Expressions: 𝑡, 𝑢 ⩴ 𝑉 |

|

𝜇𝑥+.𝑐

Commands: 𝑐 ⩴ ⟨𝑡 ‖𝑉 ⟩ (
not.
= ⟨𝑉 ‖ 𝑡⟩)

(a) Terms

(𝑅𝜇𝜀) ∶ ⟨𝜇𝑥+.𝑐 ‖𝑉 ⟩ ⊳R 𝑐[𝑉 ∕𝑥]
(𝑅𝜇𝜀) ∶ ⟨𝑉 ‖𝜇𝑥⊝.𝑐⟩ ⊳R 𝑐[𝑉 ∕𝑥]

(𝑅1∕⊥) ∶ ⟨() ‖𝜇().𝑐⟩ ⊳R 𝑐
(𝑅⊗∕

&

) ∶ ⟨𝑉 ⊗𝑊 ‖𝜇(𝑥 &𝑦).𝑐⟩ ⊳R 𝑐[𝑉 ∕𝑥,𝑊 ∕𝑦]
(𝑅⊕∕&) ∶ ⟨𝜄𝑖(𝑉 ) ‖𝜇[𝑥1.𝑐1|𝑥2.𝑐2]⟩ ⊳R 𝑐𝑖[𝑉 ∕𝑥𝑖]

(no rule 𝑅𝟎∕⊤)
(b) Reduction rules

(𝐸𝜇+) ∶ 𝜇𝑥+.⟨𝑡 ‖ 𝑥⟩ ⊳E 𝑡
(𝐸𝜇⊝) ∶ 𝜇𝑥⊝.⟨𝑥 ‖𝑉 ⟩ ⊳E 𝑉
(𝐸1∕⊥) ∶ 𝜇().⟨() ‖𝑉 ⟩ ⊳E 𝑉
(𝐸⊗∕

&

) ∶ 𝜇(𝑥 &𝑦).⟨𝑥⊗𝑦 ‖𝑉 ⟩ ⊳E 𝑉
(𝐸⊕∕&) ∶ 𝜇

[

𝑥.⟨𝜄1(𝑥) ‖𝑉 ⟩

|

|

|

𝑦.⟨𝜄2(𝑦) ‖𝑉 ⟩

]

⊳E 𝑉
(𝐸𝟎∕⊤)� ∶ 𝜇[𝑥1⊗ ⋯ ⊗𝑥𝑛] ⊳E 𝑉

(c) Extensionality rules (�: the 𝜂 rule for 𝟎∕⊤ is meaningful only under valid typing constraints)
—

Figure 2: MALL𝜂
𝑝∕LK𝜂

𝑝: calculus

(𝐷) ∶
⟨

𝑡 ‖‖
‖

𝜇𝑥⊝.⟨𝑢 ‖𝜇𝑦⊝.𝑐⟩
⟩

⊳D
⟨

𝑢 ‖‖
‖

𝜇𝑦⊝.⟨𝑡 ‖𝜇𝑥⊝.𝑐⟩
⟩

(a) Depolarisation conversion
—

Figure 3: MALL = MALL𝜂
𝑝 + depolarisation
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• 𝚪,𝚫… are maps from a finite set of variables to types provided with total
orders on their domain, notation (𝑥1∶𝐴1,… , 𝑥𝑛∶𝐴𝑛).

• Concatenation (Γ,Δ) is defined when the domains of Γ and Δ are disjoint.
• LK𝜂

𝑝: exchange, weakening and contractions on all formulae

Σ(Γ; Γ′) =
{

𝜎 ∶ domΓ → domΓ′ |
|

|

Γ′(𝜎(𝑥)) = Γ(𝑥)
}

• MALL𝜂
𝑝: exchange on all formulae, no contraction nor weakening

Σ∗(Γ; Γ′) =
{

𝜎 ∈ Σ(Γ; Γ′) ||
|

𝜎 bijective}

• Judgements are: 𝑐 ∶ (⊢ Γ) ⊢ 𝑡 ∶ 𝐴 | Γ
(a) Judgements

— (ax)
⊢ 𝑥∶𝐴 ∣ 𝑥∶𝐴

𝑐∶(⊢ 𝑥∶𝐴𝜀 ,Γ)— (𝜇𝜀)
⊢ 𝜇𝑥𝜀.𝑐∶𝐴𝜀 ∣ Γ

⊢ 𝑡∶𝐴 ∣ Γ ⊢ 𝑢∶𝐴 ∣ Δ— (cut)
⟨𝑡 ‖ 𝑢⟩∶( ⊢ Γ,Δ)

(b) Identity

⊢ 𝑡∶𝐴 ∣ Γ— (⊢ 𝜎)
⊢ 𝑡[𝜎]∶𝐴 ∣ Γ′

𝑐∶(⊢ Γ)— (𝜎)
𝑐[𝜎]∶(⊢ Γ′)

(c) Structure — 𝜎 ∈ Σ∗(Γ; Γ′) (for
MALL𝜂

𝑝) or 𝜎 ∈ Σ(Γ; Γ′) (for LK𝜂
𝑝)

⊢ 𝑉 ∶𝐴 ∣ Γ ⊢ 𝑊 ∶𝐵 ∣ Δ— (⊗𝑓 )⊢ 𝑉 ⊗𝑊 ∶𝐴⊗ 𝐵 ∣ Γ,Δ
— (𝟏)
⊢ ()∶𝟏 ∣

𝑐∶(⊢ 𝑥∶𝐴, 𝑦∶𝐵,Γ)— ( &)
⊢ 𝜇(𝑥 &𝑦).𝑐∶𝐴

&

𝐵 ∣ Γ
𝑐∶(⊢ Γ)— (⊥)

Γ ⊢ 𝜇().𝑐∶⊥ ∣ Δ

𝑐∶( ⊢ 𝑥∶𝐴,Γ) 𝑐′∶( ⊢ 𝑦∶𝐵,Γ)— (&)
⊢ 𝜇[𝑥.𝑐|𝑦.𝑐′]∶𝐴& 𝐵 ∣ Γ

Γ ⊢ 𝑉 ∶𝐴 ∣— (⊤𝑓 )Γ ⊢ 𝜇[𝑉 ]∶⊤ ∣

⊢ 𝑉 ∶𝐴𝑖 ∣ Γ— (⊕𝑓
𝑖 )⊢ 𝜄𝑖(𝑉 )∶𝐴1 ⊕𝐴2 ∣ Γ

(no rule for 𝟎)
(d) Logic

—
Figure 4: MALL𝜂

𝑝∕LK𝜂
𝑝: simple types

⊢ 𝑡∶𝐴 ∣ Γ ⊢ 𝑢∶𝐵 ∣ Δ—— (⊢ ⊗)
⊢ 𝑡⊗𝑢∶𝐴⊗ 𝐵 ∣ Γ,Δ

𝑡𝜀⊗𝑢𝜀′
def= 𝜇𝑥+.

⟨

𝑡
‖

‖

‖

‖

𝜇𝑦𝜀̄.
⟨

𝑢 ‖‖
‖

𝜇𝑧𝜀′ .⟨𝑦⊗𝑧 ‖ 𝑥⟩
⟩

⟩

Γ ⊢ 𝑡∶(𝐴𝑖)𝜀 ∣—— (⊢ ⊕𝑖)Γ ⊢ 𝜄𝑖(𝑡)∶𝐴1 ⊕𝐴2 ∣
𝜄𝑖(𝑡𝜀)

def= 𝜇𝑥+.
⟨

𝑡 ‖‖
‖

𝜇𝑦𝜀̄.⟨𝜄𝑖(𝑦) ‖ 𝑥⟩
⟩

—— (⊢ ⊤)
Γ ⊢ 𝜇[]Γ∶⊤ ∣ 𝜇[]Γ

def= 𝜇[𝑥1⊗ ⋯ ⊗𝑥𝑛] pour {𝑥1,… , 𝑥𝑛} = domΓ

—
Figure 5: Derivable rules of MALL𝜂

𝑝∕LK𝜂
𝑝
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2 LL & LLNL

• Linear logic LL𝜂
𝑝: MALL𝜂

𝑝 + exponentials ?, !
Positives: 𝑃 ,𝑄,𝐴+ ⩴ … |

|

!𝐴
Negatives: 𝑁,𝑀,𝐴− ⩴ … |

|

?𝐴

!𝐴 def= ?𝐴 ?𝐴 def= !𝐴

Weakening and contractions for formulae of the form ?𝐴.
ΣLL(Γ; Γ′) def=

{

𝜎 ∈ Σ(Γ; Γ′) ||
|

𝜎 bijective on formulae not of the form ?𝐴
}

• Linear/non-linear logic LLNL𝜂
𝑝: LL𝜂

𝑝 + structural rules extended to ?-algebras:
!-coalgebras 𝑃 !, 𝑄! ⩴ !𝐴 |

|

𝟏 |

|

𝟎 |

|

𝑃 ! ⊗𝑄! |
|

𝑃 ! ⊕𝑄!

?-algebras 𝑁?,𝑀? ⩴ ?𝐴 |

|

⊥ |

|

⊤ |

|

𝑁? &

𝑀? |
|

𝑁? &𝑀?

ΣLNL(Γ; Γ′) def=
{

𝜎 ∈ Σ(Γ; Γ′) ||
|

𝜎 bijective on formulae not of the form 𝑁?}

(a) Exponentials, algebras and structure maps

(Co)Values: 𝑉 ,𝑊 ⩴ … |

|

?𝑉 |

|

𝜇!𝑥.𝑐
(b) Terms

(𝑅!∕?) ∶ ⟨𝜇!𝑥.𝑐 ‖ ?𝑉 ⟩ ⊳R 𝑐[𝑉 ∕𝑥]
(c) Reduction rules

(𝐸!∕?) ∶ 𝜇!𝑥.⟨𝑉 ‖ ?𝑥⟩ ⊳E 𝑉
(d) Extensionality rules

⊢ 𝑡∶𝐴 ∣ Γ— (⊢ 𝜎)
⊢ 𝑡[𝜎]∶𝐴 ∣ Γ′

𝑐∶(⊢ Γ)— (𝜎)
𝑐[𝜎]∶(⊢ Γ′)

(e) Structure for 𝜎 ∈ ΣLL(Γ; Γ′) or 𝜎 ∈ ΣLNL(Γ; Γ′).

𝑐∶(⊢ 𝑥∶𝐴,Γ?)— (prom.)
⊢ 𝜇!𝑥.𝑐∶!𝐴 ∣ Γ?

⊢ 𝑉 ∶𝐴 ∣ Γ— (der.𝑓 )⊢ ?𝑉 ∶?𝐴 ∣ Γ
(f) Logic — where (𝑥1 ∶𝐴1,… , 𝑥𝑛 ∶𝐴𝑛)? stands for the typing

context (𝑥1∶?𝐴1,… , 𝑥𝑛∶?𝐴𝑛) for LL and (𝑥1∶𝐴?
1,… , 𝑥𝑛∶𝐴?

𝑛)for LLNL.

⊢ 𝑡∶𝐴 ∣ Γ—— (der.)
⊢?𝑡∶?𝐴 ∣ Γ

?𝑡𝜀
def= 𝜇𝑥⊝.

⟨

𝜇𝑦𝜀̄.⟨𝑥 ‖ ?𝑦⟩ ‖‖
‖

𝑡
⟩

(g) Remaining rule of LL∕LLNL (without value restriction)
—

Figure 6: LL𝜂
𝑝∕LLNL𝜂

𝑝 = MALL𝜂
𝑝 + the above
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