1 MALL (reminder) and LK

Formulae: A,B,A, == P|N
Positives: P,0,A, == X|1|0|AQB|A®B
Negatives: N,M,A_ = X|L|T|A®B|A&B
(a) Formulae
AQBEA®B 1€ 1 A®B=A&B 0= T X EX
A®BZAQB 11 A&B=A®B TZ0 X=X
(b) Dual of a formula
Figure 1: MALL/LK] formulae and duality
1/1 ®/% ®/& (ie{1,2}) 0/T
(Co)Values: VW == x,y,... | ux®c | 0 | VeW | (V) | ulv]
| uO.c | uGxwmy)c | ulx.cly.c']
(Co)Expressions: tu ==V | wuxte
Commands: c = (t||V) (ng' V)
(a) Terms
(Ru®) : (uxte || V) >R c[V /x]
(Ru®) : (V|| ux®.c) >R c[V /x]
(R1/1): (Ol #O-c) >p ¢
(R®/%) : (VoW || ux3y).c)  pr  cV/x,W/y
(R®/&) = (;(V) || ulxy.cilxz.c5]) >R alV/x]
(no rule RO/T)
(b) Reduction rules
(Eu*) : w11 %) by
(Eu®) : uxCLx V) >V
(E1/1): wOLO V) >g 4
(EQ/%) : nx®y)(xeyl|l V) bV
(E®/&) : u[x{y@IV)|ylaWIV)]  »e ¥
(E0/T)" : Hlx ® -+ ®x,,] S 4

(c) Extensionality rules (4: the 7 rule for 0/T is meaningful only under valid typing constraints)

Figure 2: MALL]/LKJ: calculus

(D) 1 (1| uxCull uy®e)) ©p (ul| uye it | uxCec))

(a) Depolarisation conversion

Figure 3: MALL = MALL; + depolarisation



I',A... are maps from a finite set of variables to types provided with total
orders on their domain, notation (x; : A, ..., x,: A,).

e Concatenation (I', A) is defined when the domains of I" and A are disjoint.

e LK7: exchange, weakening and contractions on all formulae

LT = {o : domI" — domI”

I(o(x)) =T(x)}
e MALL]: exchange on all formulae, no contraction nor weakening

ST = {o € I TY)

o bijj ective}

Judgements are: c: (D) Ft:A|T

(a) Judgements

@ ciFx:AD FeAll
Fx:A|x:A Fuxcci A, | T Filo] AT
Fi:A|T Fu:A|A c:(F D)
(cut) —— 0 ©)
(tluy:(FT,A) clo]: (- T)
(b) Identity (¢) Structure — ¢ € X*ITY) (for

MALL)) or ¢ € X(I'; ") (for LK)

FV:AIT FW:.:BJ|A

f )
FVeW :A®B|L,A &) FO:1]
c:(Fx:A,y:B,I) ® c.(FI) W
Fu(x®y).c:A® B|T ' uQc:L] A
ci(Fx:AD i(Fy:BD) CEvial
F ulxclyc1:A&B|T TFaVT] ¢
FViA L @) (no rule for 0)

FL(V):A, @A, | T
(d) Logic

Figure 4: MALL]/LK’: simple types

|_t:A|F |_MB|A def +< H - o >
+FQ) 1. Qu,, = x (1 Au 7€ (yoz || x
Fiou: AQ B|L,A e®U; Z e (u || uzt' (yozll x))
CHt:(A), | ) )
e ) i) = x| myF (o) 1 x))

TH,():A @A, |

def

D ully = ulx;® - ®x,] pour {x,,...,x,} =domD

e pllp: T

Figure 5: Derivable rules of MALL} /LK



2 LL & LLNL

e Linear logic LL]: MALL] + exponentials ?, !

Positives:  P,Q,A, == .. |!A
Negatives: N,M,A_ == .. |?A
o 4 def

ALY 94 24%14

Weakening and contractions for formulae of the form ?A.

sy € {c e xT;I") | o bijective on formulae not of the form 24}

e Linear/non-linear logic LLNLZ: LLZ + structural rules extended to ?-algebras:

IA|1|0|PPRQ'| P @O
2A|L|T|N'"®M"| N &M’

I-coalgebras P', Q'
2-algebras  N’, M’

SINLp ) & {6 € X(I';T”) | o bijective on formulae not of the form N ?}

(a) Exponentials, algebras and structure maps

(Co)Values: V,W == ... | W | ulxc
(b) Terms
(RI/D) o (ulxc||?2V) pr clV/x] (EY/D: ulx(V|?7x) >pg V
(c) Reduction rules (d) Extensionality rules
I—t:fclll“, o) CZQ_F), )
Fitlo]:A|T clo]: (T

(e) Structure for ¢ € ZM(T;T) or ¢ € TNH(T ).

c:(Fx:ATY FV:A|T
(prom.)  ——m
Foulxc:lA|T? FWI2A|T
(f) Logic — where (x, : A,,...,x, : A,)" stands for the typing
context (x;:?A,,...,x,:?A,) forLLand (x,: A7, ..., x,: A’)
for LLNL.

(der.”)

T R R e kel b

(g) Remaining rule of LL/LLNL (without value restriction)

Figure 6: LL)/LLNL]} = MALL + the above
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